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Gravitationally bound hierarchies containing three or more components are very common in our
Universe. In this paper we study periodic gravitational wave (GW) form, their polarizations, re-
sponse function, its Fourier transform, and energy loss rate of a triple system through three different
channels of radiation, the scalar, vector and tensor modes, in Einstein-aether theory of gravity. The
theory violates locally the Lorentz symmetry, and yet satisfies all the theoretical and observational
constraints by properly choosing its four coupling constants ci’s. In particular, in the weak-field
approximations and with the recently obtained constraints of the theory, we first analyze the energy
loss rate of a binary system, and find that the dipole contributions from the scalar and vector modes
could be of the order of O (c14)O (GNm/d)2, where c14 (≡ c1 + c4) is constrained to c14 . O
(
10−5
)
by current observations, and GN , m and d are, respectively, the Newtonian constant, mass and size
of the source. On the other hand, the “strong-field” effects for a binary system of neutron stars are
about six orders lower than that of GR. So, in this paper we ignore these “strong-field” effects and
first develop the general formulas to the lowest post-Newtonian order, by taking the coupling of the
aether field with matter into account. Within this approximation, we find that the scalar breather
mode and the scalar longitudinal mode are all suppressed by a factor of O (c14) with respect to the
transverse-traceless modes (h+ and h×), while the vectorial modes (hX and hY ) are suppressed by
a factor of c13 . O
(
10−15
)
. Applying the general formulas to a triple system with periodic orbits,
we find that the corresponding GW form, response function, and its Fourier transform depend sen-
sitively on the configuration of the triple system, their orientation with respect to the detectors, and
the binding energies of the three compact bodies.
I. INTRODUCTION
The detection of the gravitational wave from the co-
alescing of two massive black holes (one with mass
36+5−4 M
⊙ and the other with mass 29+4−4 M⊙) by the
advanced Laser Interferometer Gravitational-Wave Ob-
servatory (aLIGO) marked the beginning of the era of the
gravitational wave (GW) astronomy [1]. Following it, five
more GWs were detected [2–6], and one candidate was
identified [7]. The Advanced Virgo detector (aVirgo) [8]
joined the second observation run of aLIGO on August 1,
2017, and jointly detected the last two GWs, GW170814
and GW170817 [5, 6]. Except GW170817, which was
produced by the merger of binary neutron stars (BNSs)
[6], all the rest were produced during the mergers of bi-
nary black holes (BBHs). The detection of GW170817
∗Corresponding Author
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is important, not only because it confirmed that BNSs
are indeed one of the most promising sources of GWs,
but also because it was companied by a short-duration
gamma-ray burst (SGRB) [9], which enables a wealth
of science unavailable from either messenger alone. In
particular, it allows us simultaneously to measure both
distance and redshift of the source, with which we can
study, for example, cosmology.
With the promise of increasing duration, observational
sensitivity and the number of detectors, many more
events are expected to be detected. In particular, the
Laser Interferometer Space Antenna (LISA) [10] is ex-
pected to observe tens of thousands of compact galactic
binaries during its nominal four year mission lifetime [11].
As a matter of fact, because of its high mass, GW150914
would have been visible to LISA for several years prior
to their coalescence [12].
Despite significant investigations, the origins of these
binary systems, particularly the heavier BBHs, remain
an open question (see, for example, [13] and references
therein). Not only from the point of view of theoretical
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2simulations but also from the observational estimates,
it is found very difficult to have such heavy black holes
(BHs). On the one hand, most of BHs obtained from nu-
merical simulations have masses lower than 10M⊙, un-
less the stellar metallicity is very low [14]. On the other
hand, O¨zel et al examined 16 low-mass X-ray binary sys-
tems containing BHs, and found that the masses of BHs
hardly exceeded 20M⊙, and that there was a strongly
peaked distribution at 7.8± 1.2M⊙ [15]. Similar results
were obtained by Farr et al [16].
To reconcile the above mentioned problem, one of the
mechanisms [13] is to consider a series mergers of such
binary systems in a dense star cluster [17, 18]. Assuming
that such a merger initially occurred with stellar mass
(' 10M⊙) BHs, due to the presence of many massive
stars/BHs in the dense cluster, the merger product could
easily combine with a third massive companion to trig-
ger another merger. One of the interesting properties
of this scenario is that such formed BHs usually have
very high spins, and can be easily identified with fu-
ture aLIGO/aVirgo detections [19–22]. Recently, Ro-
driguez et al [23] considered realistic models of globular
clusters with fully post-Newtonian (PN) stellar dynam-
ics for three- and four-body encounters, and found that
nearly half of all binary BH mergers occur inside the
cluster, and with about 10 % of those mergers entering
the aLIGO/aVirgo band with eccentricities greater than
0.1. In particular, in-cluster mergers lead to the birth
of a second generation (2G) of BHs with larger masses
and high spins. These 2G BHs can reconcile the upper
BH mass limit
(
. 50M⊙) created by the pair-instability
supernovae [24].
Gravitationally bound hierarchies containing three or
more components are very common in our Universe [25].
Roughly speaking, about 13% of low-mass stelar systems
contains three or more stars [26], and 96% of low-mass
binaries with periods shorter than 3 days are part of a
larger hierarchy [27]. The simplest example is the 3-body
system of our Sun, Earth and Moon. In fact, any star in
the vicinity of a supermassive BH binary naturally forms
a triple system.
Recently, a realistic triple system was observed, named
as PRS J0337 + 1715 [28], which consists of an inner bi-
nary and a third companion. The inner binary consists
of a pulsar with mass m1 = 1.44M⊙ and a white dwarf
with massm2 = 0.20M⊙ in a 1.6 day orbit. The outer bi-
nary consists of the inner binary and a second dwarf with
mass m3 = 0.41M⊙ in a 327 day orbit. The two orbits
are very circular with its eccentricities eI ' 6.9 × 10−4
for the inner binary and eO ' 3.5×10−2 for the outer or-
bit. The two orbital planes are remarkably coplanar with
an inclination . 0.01o. A triple system is an ideal place
to test the strong equivalence principle [29]. Remark-
ably, after 6-year observations, lately it was found that
the accelerations of the pulsar and its nearby white-dwarf
companion differ fractionally by no more than 2.6×10−6
[30], which provides the most severe constraint on the
violation of the strong equivalence principle.
In a triple system, the existence of the third compan-
ion can undertake the Lidov-Kozai oscillations [31, 32],
and cause the orbit of the inner binary to become nearly
radial, whereby a rapid merger due to GW emissions can
be resulted [33, 34]. Such a system can emit GWs in
the 10 Hz frequency band [35–37], which are potential
sources for the current ground-based detectors, such as
aLIGO, aVirgo and KAGRA [38]. It can also emit GWs
in the frequency bands to be detectable by LISA [39],
and pulsar timing arrays [40]. In particular, with such a
high detectable event rate, it is expected that LISA will
detect many triple or higher multiple systems [41].
In this paper, we shall study the periodic gravitational
wave forms, response functions, and energy losses of
triple systems in Einstein-aether theory [42]. This prob-
lem is interesting particularly for the orbits in which two
of the bodies pass each other very closely and yet avoid
their collisions, so they can produce periodic gravita-
tional waves with intension, which are the natural sources
for the future detections of GWs. Certainly, this prob-
lem is also very challenging, as even in Newtonian theory,
the systems allow chaotic and singular solutions, and only
few periodic solutions are known [43, 44] 1. When one of
the 3-bodies is a test mass, it reduces to the restricted
3-body problem, and a collinear solution was found by
Euler [47]. In 1772 Lagrange found a second class of pe-
riodic orbits for an equilateral triangle configuration [48]
(A historic review of the subject can be found in [43]).
Gravitational wave forms of 3-body systems in general
relativity (GR) were calculated up to the 1PN approxi-
mations with the orbits of the 3-bodies are still Newto-
nian [49, 50]. In GR, neither analytical nor numerical
solutions of 3-body problem of the full theory have been
found, and most of the studies were restricted to PN ap-
proximations, see, for example, Refs.[25, 51–55] and ref-
erences therein. In particular, the 1PN collinear solution
was found in [56] and proved that it is unique in [57].
The 1PN triangular solution and stability were studied,
respectively, in [58, 59] and [60, 61]. Lately, the exis-
tence and uniqueness of the 1PN collinear solution in the
scalar-tensor theory were studied in [62, 63].
In the framework of Einstein-aether theory, Foster [64]
and Yagi et al [65] derived the metric and equations of
motion to the 1PN order for a N-body system. Recently,
Will applied them to study the 3-body problem and ob-
tained the accelerations of a 2-body system in the pres-
ence of the third body at the quasi-Newtonian order [66].
For nearly circular coplanar orbits, he also calculated the
“strong-field” Nordtvedt parameter ηˆN . For the PRS
1 The three-body problem can be traced back to Newton in 1680’s.
In the last 300 years, only three families of periodic solutions were
found [43, 44]. In 2013 a breakthrough was made, and 11 new
families of Newtonian planner 3-body problem with equal mass
and totally zero-angular momentum were found numerically in
[45]. In 2017, 695 families of such solutions (with equal mass and
totally zero-angular momentum) were numerically found in [46].
3J0337 + 1715 system, ignoring the sensitivities of the two
white-dwarf companions, Will found that ηˆN is given by
ηˆN = s1/(1− s1), where s1 denotes the sensitivity of the
pulsar.
In this paper, we shall focus ourselves on periodic GWs
in the framework of Einstein-aether theory. The theory
breaks locally the Lorentz symmetry by the presence of
a globally time-like unit vector field - the aether, and
allows three different types of gravitational modes, the
scalar, vector and tensor [67], and all the modes in prin-
ciple move at different speeds [68]. Recently, it was found
[69] that the four independent coupling constants of the
theory must satisfy the constraints of Eq.(2.17) given be-
low, after several conditions are imposed. In the vacuum,
GWs were also studied in [67, 70], while GW forms and
angular momentum loss were studied for binary systems
in [71, 72], respectively.
The rest of the paper is organized as follows: in Sec. II
we give a brief introduction to the Einstein-aether theory,
and in Sec. III we first study the effects of the gravita-
tional radiations from the scalar and vector modes to the
energy loss for a binary system to the lowest PN order
[73], and find that for a neutron star binary system their
contributions to the quadrupole, monopole and dipole
are, respectively, the orders of O (10−5) , O (10−5) and
O (10−2) lower than the quadrupole contributions of GR
(in which the scalar and vector modes are absent) [cf.
Eq.(3.13)], while the strong field effects are, respectively,
the orders of O (10−6) , O (10−6) and O (10−7) lower.
Additionally, the order for the cross term is of O (10−6)
lower [cf. Eq.(3.26)]. Similar conclusions can also be ob-
tained by analyzing the amplitudes of polarization modes
of a binary system with non-vanishing sensitivities given
in [71]. Therefore, to the current (second) generation
of GW detectors [74], we can safely ignore these strong
field effects. Then, in Sec. IV we consider the lowest
PN approximations by taking the coupling of the aether
with matter fields into account. When such couplings are
turned off, our formulas reduce to the ones presented in
[73], subjected to some corrections of typos. From the
general expressions for the polarization modes hN given
by Eq.(4.59), we can see that the scalar breather and
the scalar longitudinal modes are always proportional to
each other, so only five of the six polarization modes are
independent. In addition, the two scalar modes are all
suppressed by a factor ofO (c14) . O
(
10−5
)
with respect
to the transverse-traceless modes (h+ and h×), while the
vectorial modes (hX and hY ) are suppressed by a factor
of O (c13) . O
(
10−15
)
. In Sec. V, we apply these formu-
las to triple systems and obtain the GW forms, response
functions, their Fourier transforms, and energy losses for
three representative cases. Our results show that the GW
forms sensitively depend on not only the configurations
of the 3-body orbits, but also their relative positions to
the detectors, sharply in contrast to the 2-body problem
[75, 76]. Our paper is ended with Sec. VI, in which we
present our main conclusions.
II. EINSTEIN-AETHER THEORY
In Einstein-aether (æ-) theory, the fundamental vari-
ables of the gravitational sector are [42],
(gµν , u
µ, λ) , (2.1)
with the Greek indices µ, ν = 0, 1, 2, 3, and gµν is the
four-dimensional metric of the space-time with the sig-
nature (−,+,+,+) [73, 77], uµ is the aether four-velocity,
and λ is a Lagrangian multiplier, which guarantees that
the aether four-velocity is always timelike. In this paper,
we will adopt the following conventions: all the repeated
indices i, j, k, l (i, j, k, l = 1, 2, 3) will be summed over
regardless they are up or down, but, repeated indices
a, b, c (a, b, c = 1, 2, 3) will not be summed over, unless
the summation is explicitly indicated. In this paper, we
also adopt units so that the speed of light is one (c = 1).
The general action of the theory is given by [68],
S = Sæ + Sm, (2.2)
where Sm denotes the action of matter, and Sæ the grav-
itational action of the æ-theory, given, respectively, by
Sæ =
1
16piGæ
∫ √−g d4x[R(gµν) + Læ (gµν , uα, λ) ],
Sm =
∫ √−g d4x[Lm (gµν , uα;ψ) ]. (2.3)
Here ψ collectively denotes the matter fields, R and g are,
respectively, the Ricci scalar and determinant of gµν , and
Læ ≡ −Mαβ µν (Dαuµ) (Dβuν) + λ
(
gαβu
αuβ + 1
)
,
(2.4)
where Dµ denotes the covariant derivative with respect
to gµν , and M
αβ
µν is defined as
Mαβ µν ≡ c1gαβgµν + c2δαµδβν + c3δαν δβµ − c4uαuβgµν .
(2.5)
Note that here we assume that matter fields couple not
only to gµν but also to the aether field u
µ, in order to
model effectively the radiation of a compact object, such
as a neutron star [78]. The four coupling constants ci’s
are all dimensionless, and Gæ is related to the Newtonian
constant GN via the relation [79],
GN =
Gæ
1− 12c14
, (2.6)
where cij ≡ ci + cj .
The variations of the total action with respect to
gµν , u
µ and λ yield, respectively, the field equations,
Rµν − 1
2
gµνR− Sµν = 8piGæTµν , (2.7)
Æµ = 8piGæTµ, (2.8)
gαβu
αuβ = −1, (2.9)
4where
Sαβ ≡ Dµ
[
Jµ (αuβ) + J(αβ)u
µ − u(βJ µα)
]
+c1
[
(Dαuµ) (Dβu
µ)− (Dµuα) (Dµuβ)
]
+c4aαaβ + λuαuβ − 1
2
gαβJ
δ
σDδu
σ,
Æµ ≡ DαJαµ + c4aαDµuα + λuµ,
Tµν ≡ 2√−g
δ (
√−gLm)
δgµν
,
Tµ ≡ − 1√−g
δ (
√−gLm)
δuµ
, (2.10)
with
Jαµ ≡Mαβ µνDβuν , aµ ≡ uαDαuµ. (2.11)
From Eq.(2.8), we find that
λ = uβDαJ
αβ + c4a
2 − 8piGæTαuα, (2.12)
where a2 ≡ aλaλ.
It is easy to show that the Minkowski spacetime is a
solution of the Einstein-aether theory, in which the aether
is aligned along the time direction, u¯µ = δ
0
µ. Then, the
linear perturbations around the Minkowski background
show that the theory in general possess three types of
excitations, scalar, vector and tensor modes [67], with
their squared speeds given, respectively, by
c2S =
c123(2− c14)
c14(1− c13)(2 + c13 + 3c2) ,
c2V =
2c1 − c13(2c1 − c13)
2c14(1− c13) ,
c2T =
1
1− c13 , (2.13)
where cijk ≡ ci + cj + ck.
In addition, among the 10 parameterized post-
Newtonian (PPN) parameters [80], in the Einstein-aether
theory the only two parameters that deviate from GR are
α1 and α2, which measure the preferred frame effects. In
terms of the four dimensionless coupling constants ci’s,
they are given by [81],
α1 = −8 (c1c14 − c−c13)
2c1 − c−c13 ,
α2 =
1
2
α1 +
(c14 − 2c13) (3c2 + c13 + c14)
c123(2− c14) , (2.14)
where c− ≡ c1−c3. In the weak-field regime, using lunar
laser ranging and solar alignment with the ecliptic, Solar
System observations constrain these parameters to very
small values [80],
|α1| ≤ 10−4, |α2| ≤ 10−7. (2.15)
Recently, the combination of the gravitational wave
event GW170817 [6], observed by the LIGO/Virgo col-
laboration, and the event of the gamma-ray burst GRB
170817A [9] provides a remarkably stringent constraint
on the speed of the spin-2 mode,
− 3× 10−15 < cT − 1 < 7× 10−16, (2.16)
which, together with Eq.(2.13), implies that
|c13| < 10−15. (2.17)
Imposing further the following conditions: (a) the the-
ory is free of ghosts; (b) the squared speeds c2I (I =
S, V, T ) must be non-negative; (c) c2I − 1 must be greater
than −10−15 or so, in order to avoid the existence of
the vacuum gravi-Cˇerenkov radiation by matter such
as cosmic rays [82]; and (d) the theory must be con-
sistent with the current observations on the primordial
helium abundance |Gcos/GN − 1| . 1/8, where Gcos ≡
Gæ/(1+(c13 +3c2)/2) [79], together with Eqs.(2.15) and
(2.17), it was found that the parameter space of the the-
ory is restricted to [69],
0 . c14 . c1, c14 . c2 . 0.095, c14 . 2.5× 10−5.
(2.18)
Note that the above limits do not include the strong-
field constraints [83],
|αˆ1| ≤ 10−5, |αˆ2| ≤ 10−9, (at 95% confidence),
(2.19)
obtained from the isolated millisecond pulsars PSR
B1937 + 21 [84] and PSR J17441134 [85], where (αˆ1, αˆ2)
denotes the strong-field generalization of (α1, α2) [86],
because they depend on the sensitivity σæ, which is not
known for the new constraints of Eq.(2.18). In fact, in
the Einstein-æther theory, they are given by [65],
αˆ1 = α1 +
c−(8 + α1)σæ
2c1
,
αˆ2 = α2 +
αˆ1 − α1
2
− (c14 − 2)(α1 − 2α2)σæ
2(c14 − 2c13) . (2.20)
For details, we refer interested readers to [69].
III. EFFECTS OF THE AETHER FIELD ON
ENERGY LOSS RATE
Before proceeding further, let us pause here for a while
to consider the effects of the aether field on energy loss of
a given system, in order to have a better understanding of
the approximations to be taken in this paper. Although
in this section we shall restrict ourselves only to binary
systems, we believe that such estimations are also valid
for other systems, as long as they are weak enough, so
the PN approximations are applicable. In particular, our
studies of triple systems are consistent with such estima-
tions as to be shown below.
To the lowest PN order (by setting the sensitivity
σæ = 0), Foster found that the energy loss rate in
Einstein-Æther gravity is given by [73] (See also [65] for
5the correction of a typo in the expression of Z given be-
low.),
E˙ = −GN
〈A
5
...
Qij
...
Qij + B
...
I
...
I + CΣ˙iΣ˙i
〉
, (3.1)
where
Qij ≡ Iij − 1
3
Iδij , Iij ≡
∫
d3x ρxixj ,
I ≡ Iii, Σi ≡
∫
d3x ti, (3.2)
and
A =
(
1− c14
2
)( 1
cT
+
2c14c
2
13
(2c1 − c13c−)2cV
+
3(Z − 1)2c14
2(2− c14)cS
)
,
B = Z
2c14
8cS
, Z ≡ (α1 − 2α2)(1− c13)
3(2c13 − c14) ,
C = 2
3c14
(
2− c14
c3V
+
1
c3S
)
. (3.3)
Here ρ = T00 to the lowest order, and ti denotes the
quadratic terms given in Eq.(4.15).
It should be noted that the scalar (monopole) per-
turbations have contributions to all the three parts,
quadrupole (
...
Qij), dipole (Σ˙i) and monopole (
...
I ). The
vector (dipole) perturbations have contributions to both
quadrupole and dipole terms, while the tensor per-
turbations have only contributions to the quadrupole
term. This can be seen clearly from the expressions for∫
dΩφ˙ij φ˙ij ,
∫
dΩν˙iν˙i and
∫
dΩF˙ F˙ , given by Eqs.(102)-
(104) in [73], where F ≡ ∆f and φij , νi and f are all
defined in Eq.(4.3) below.
In the case of GR (ci = 0), we have,
AGR = 1, BGR = CGR = 0. (3.4)
To see clearly the effects of the aether field, in the rest
of this section let us restrict ourselves only to a binary
system, for which Eq.(3.1) takes the form,
E˙ = −GN
〈(
GNµm
r2
)2 [
8
15
A (12v2 − 11r˙2)
+4Br˙2 + CΣ2
]〉
, (3.5)
where m ≡ m1 +m2, µ ≡ m1m2/m, r ≡ r1 − r2, v ≡ r˙,
r ≡ |r|, and
Σ ≡
(
α1 − 2
3
α2
)(
Ω1
m1
− Ω2
m2
)
, (3.6)
with Ωa denoting the binding energy of the a-th compact
body, and
Ωa
ma
' O
(
GNma
da
)
'
{
10−3, white dwarfs,
0.1 ∼ 0.3, pulsars, (3.7)
where da denotes the size of the a-th body.
For double pulsars, we have v2 ' 10−6 ∼ 10−5 [87]. In
addition, without loss of the generality, we assume that
v2 and r˙2 are of the same order, O(v2) ' O(r˙2). Then,
from the constraint |c13| < 10−15 [cf.(2.17)], we find that
cT ' 1, cV ' O
(
c1
c14
)1/2
, cS ' O
(
c2
c14
)1/2
.
(3.8)
Hence, we obtian
A = 1 +O (c14)
[
1 +O (c−5S ) ],
B = O (c14)O
(
c−1S
)
,
C = O (c−114 ) [O(c−3V )+O (c−3S ) ], (3.9)
where cI & 1 (I = S, V, T ) because of the vacuum gravi-
Cˇerenkov effects [82]. Then, comparing Eq.(3.4) and
Eq.(3.9), we can see that the contributions of the aether
field to both of the quadrupole and monopole radiations
are at most of the order of O (c14) . 10−5. To see its
contributions to the dipole radiation, we first note that
α1 − 2
3
α2 . O (c14) ,
Σ . O (c14)O
(
GNm
d
)
. (3.10)
Thus, we find that
WC ≡ CΣ2 . O (c14)O
(
GNm
d
)2
. 10−5 O
(
GNm
d
)2
. (3.11)
On the other hand, the quadrupole and monopole radia-
tions are given, respectively, by
WA ≡ 8
15
A (12v2 − 11r˙2).[1 +O (c14) ]O (v2) ,
WB ≡ 4Br˙2 . O (c14) O
(
v2
)
. (3.12)
In particular, for a binary system of neutron stars, tak-
ing O (v2) ' 10−5 and O (GNmd ) ' 10−1, we find that
WNSA '
[
1 +O (10−5) ]O (10−5) ,
WNSB . O
(
10−10
)
, WNSC . O
(
10−7
)
. (3.13)
A. Strong Field Effects
Strong field effects can be important in the vicinity of
the compact bodies, such as neutron stars, as the fields
inside such bodies can be very strong. Following Eard-
ley [78], these effects can be included by considering the
6action of one-particle [64],
SA = −
∫
dτAm˜A[γA]
= −m˜A
∫
dτA
[
1 + σA(1− γA)
+
1
2
(σA + σ
2
A + σ¯A)(1− γA)2 + ...
]
. (3.14)
Here γA = −uµvAµ , where vAµ is the four-velocity of the
body, and A labels the body, τA is the proper time
along the body’s curve. When the body is at rest
with respect to the aether, we have γA|vAµ=uµ = 1 and
m˜A = m˜A[γA]|γA=1. The sensitivities σA and σ¯A are
defined as,
σA ≡ − d ln m˜A[γA]
d ln γA
∣∣∣∣
γA=1
,
σ¯A ≡ d
2 ln m˜A[γA]
d ln γA2
∣∣∣∣
γA=1
, (3.15)
which can be determined by considering asymptotic
properties of perturbations of static stellar configura-
tions. Indeed, σA was calculated for neutron stars in
[65]. But, unfortunately, the calculations were done by
setting α1 = α2 = 0, which are no longer valid when
the new constraint (2.17) is taken into account 2. How-
ever, to our current purpose, the exact values of σA is
not important, and we can simply use the expression of
the small σA limit [64, 65],
sA =
(
α1 − 2
3
α2
)
ΩA
mA
+O
(
GNm
d
)2
, (3.16)
where sA ≡ σA/(1 + σA).
After taking the strong field effects into account,
Eq.(3.5) got four different kinds of corrections, one to
each of the three terms presented in Eq.(3.5), plus a cross-
ing term. It is given explicitly by Eq.(116) in [65] 3. In
the following, let us consider these corrections term by
2 Note that from Eq.(2.14) we can write c2 and c4 in terms of
α1 and α2. Then, with the new constraint (2.17), to have a
self-consistent expansion of any given function F (c1, c2, c3, c4) ≡
F(c1, α1, α2, c13) in terms of the small quantities α1, α2 and
c13, one must expand F(c1, α1, α2, c13) at least to the third-
order of α1, the second-order of α2 (plus their mixed terms, such
as α21α2), and to the first-order of c13, considering the fact that
the constraints (2.15) and (2.17) are in different orders. If one
naively sets α1, α2, c13 all to zero at the same time, then it will
be ended up with c2 = 0, c3 = c4 = −c1 and |c1| ≤ 10−15, which
are not only too strict, but also inconsistent, as this is equivalent
to assume that these three quantities were constrained all to the
same order.
3 In Ref.[64], it is given by Eq.(89). However, some typos appeared
in this equation, and were corrected in [65].
term. First, to the first term of Eq.(3.5), the coefficient
A is replaced by (A+ SA2 + S2A3), where
S ≡ s1µ2 + s2µ1, (3.17)
with µA = mA/m ' O(1). Thus, we have
S ' O (sA) . O (c14) O
(
GNm
d
)
. (3.18)
In addition, we also have,
Z ' O(1),
A2 ≡ 2(Z − 1)
(c14 − 2)c3S
+
2c13
(2c1 − c−c13)c3V
' O (c−5S ) ,
A3 ≡ 1
2c14c5V
+
2
3c14(2− c14)c5S
' O(c−114 )
[
O (c−5V )+O (c−5S ) ]. (3.19)
Thus, we find that the correction to the quadrupole term
is given by
δWA ≡
(SA2 + S2A3) (12v2 − 11r˙2)
' O(c14)
[
O (c−5V )+O (c−5S ) ]O(GNmd
)2
O (v2)
+O(c14)O
(
c−5S
)O(GNm
d
)
O (v2)
. O(c14)O
(
GNm
d
)
O (v2)
. 10−5 O
(
GNm
d
)
O (v2) . (3.20)
Second, the correction to the coefficient B is (SB2 +
S2B3), where
B2 ≡ Z
3(c14 − 2)c3S
' O (c−3S ) ,
B3 ≡ 1
9c14(2− c14)c5S
' O(c−114 ) O
(
c−5S
)
. (3.21)
Therefore, we have
δWB ≡ 4
(SB2 + S2B3) r˙2
.
[
O(c14)O
(
c−3S
)O(GNm
d
)
+O(c14)O
(
c−5S
)O(GNm
d
)2 ]
O (v2)
. O(c14) O
(
GNm
d
)
O (v2)
. 10−5 O
(
GNm
d
)
O (v2) , (3.22)
which has the same order as that of δWA, as shown by
Eq.(3.20).
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the velocity V i of the center-of-mass and V ini, where ni
is the unity vector, defined by ni ≡ ri/r , where r is the
module of the vector ri. As pointed out by Foster in [64],
V i is not directly measurable, but the validity of leading
PN order for the double pulsar [88] requires V 2 . 3v2,
while for other systems, they require V 2 . O(100)v2. In
any case, without loss of the generality, we assume that
O (V ini)2 ' O (V 2). In addition,
C2 ≡ 1
6c14c5V
. O(c−114 ) O
(
c−5V
)
. (3.23)
Thus, we find that
δWC ≡ (s1 − s2)2
[(
18
5
A3 + 2C2
)
V 2
+
(
6
5
A3 + 36B3 − 2C2
)(
V ini
)2 ]
. O(c14)
[
O (c−3S )+O (c−3V )
]
×O
(
GNm
d
)2
O (V 2)
. O(c14) O
(
GNm
d
)2
O (V 2)
. 10−5 O
(
GNm
d
)2
O (V 2) . (3.24)
The fourth kind of corrections is involved with the
crossing terms, (V inivjnj) and (viV i). Again, without
loss of the generality, we assume that O(V inivjnj) '
O (V ivi). Then, the fourth kind of corrections is given
by
δWD ≡ (s1 − s2)
[
12 (B2 + 2SB3) (V inivjnj)
+
8
5
(A2 + 2SA3)V i
(
3vi − 2nivjnj) ]
. O (c14)O
(
GNm
d
)
O (viV i){O (c−3S )
+O (c14)O
(
GNm
d
)[
O (c−5S )+O (c−5V ) ]
}
. O (c14)O
(
GNm
d
)
O (viV i)
. 10−5 O
(
GNm
d
)
O (viV i) . (3.25)
For the binary system of neutron stars, taking
O (viV i) ' O (v2) ' O (V 2) ' O (10−5) and
O (GNm/d) ' 10−1, we find that
δWNSA . O
(
10−11
)
, δWNSB . O
(
10−11
)
,
δWNSC . O
(
10−12
)
, δWNSD . O
(
10−11
)
, (3.26)
which are all smaller than the quadrupole, monopole and
dipole terms WNSA , WNSB and WNSC . With the current
accuracy of GW observations, it is hard to detect these
effects [74, 76]. This justifies our current studies of triple
systems only up to the lowest PN order.
It should be noted that similar conclusions can also
be obtained by analyzing the the polarization modes of
a binary system with non-vanishing sensitivities given in
[71].
IV. GRAVITATIONAL RADIATION IN
EINSTEIN-AETHER THEORY
As shown in the last section, the strong field effects
are very small with the current constraints of Eq.(2.17)
[69], and can be safely ignored for the current generation
of detectors. So, in the rest of this paper, we shall con-
sider gravitational radiation in Einstein-aether theory to
the lowest PN order, similar to what was already done
in [73], but without setting Tµ = 0 for our future stud-
ies. Recall that Tµ originates from the direct coupling
between matter and aether. Therefore, in the following
we shall try to provide some detailed derivations of the
formulas with the risk of repeating some materials al-
ready presented previously in [73], although we shall try
to limit these to their minimum 4.
As mentioned in the previous section, the Minkowski
spacetime is a vacuum solution of the Einstein-aether the-
ory with the aether being along the time direction, i.e.,(
g¯µν , u¯
α, λ¯, T¯µν , T¯µ
)
= (ηµν , δ
α
0 , 0, 0, 0) , (4.1)
where ηµν ≡ diag. (−1, 1, 1, 1) represents the Minkowski
spacetime metric in the Cartesian coordinates xµ =
(t, xi). Then, let us consider the linear perturbations,
hµν = gµν − ηµν , w0 = u0 − 1, wi = ui, (4.2)
where the perturbations hµν , w
0 and wi are decomposed
to the forms [73],
h0i = γi + γ,i, wi = νi + ν,i,
hij = φ,ij +
1
2
Pij [f ] + 2φ(i,j) + φij , (4.3)
with i, j = 1, 2, 3, (a, b) ≡ (ab+ ba)/2, and
∂iγi = ∂
iνi = ∂
iφi = 0, ∂
jφij = 0, φ
i
i = 0,
Pij [f ] ≡ δij∆f − f,ij , ∆ ≡ δij∂i∂j . (4.4)
All spatial indices are raised or lowered by δij and δij ,
respectively. For example, ∂i ≡ δij∂j , and so on. There-
fore, we have six scalars, h00, w
0, γ, ν, f and φ; three
4 This also allows us to correct some typos. Ref. [73] has been
published in [89], but in Ref. [73] some corrections of typos were
made and also with the same signature as used in the current
paper, while in [89] the signature (+1,−1,−1,−1) was used.
8transverse vectors, γi, νi and φi; and one transverse-
traceless tensor, φij .
Note that, to the zeroth-order, Tµν and Tµ all vanish
identically, while to the first-order, we can decompose
them as,
T0i = Ψ,i + Ψi, Ti = Θ,i + Θi,
Tij = Π,ij +
1
2
Pij [Υ] + 2Π(i,j) + Πij , (4.5)
where
∂iΨi = ∂
iΘi = ∂
iΠi = 0,
∂jΠij = 0, Π
i
i = 0. (4.6)
Therefore, in the matter sector, in general we have six
scalars, T00, T0, Ψ, Θ, Π and Υ; three vectors, Ψi, Θi
and Πi; and one tensor Πij .
Under the following coordinate transformations,
t˜ = t+ ξ0 , x˜i = xi + ξi + ∂iξ , (4.7)
where ∂iξ
i = 0, we find
h˜00 = h00 + 2ξ˙0, w˜
0 = w0 + ξ˙0,
γ˜ = γ + ξ0 − ξ˙, ν˜ = ν + ξ˙,
f˜ = f, φ˜ = φ− 2ξ, (4.8)
γ˜i = γi − ξ˙i, ν˜i = νi + ξ˙i,
φ˜i = φi − ξi, (4.9)
φ˜ij = φij . (4.10)
Thus, out of the six scalar fields, we can construct four
gauge-invariant quantities, while out of the three vector
fields, two gauge-invariant quantities can be constructed,
which can be chosen, respectively, by 5
ΦI ≡ h00 − 2w0, ΦII ≡ 1
2
∆f,
ΦIII ≡ ν + 1
2
φ˙− 1
4
f˙ ,
ΦIV ≡ γ˙ − w0 − 1
2
φ¨+
1
4
f¨ , (4.11)
and
ΨIi ≡ γi + νi, ΨIIi ≡ γi − φ˙i. (4.12)
Clearly, the tensor mode φij is already gauge-invariant.
On the other hand, since Tµν = O () and Tµ = O (),
where  = O(ξµ) 1, we find that
T˜µν (x˜) = Tαβ (x)
∂xα
∂x˜µ
∂xβ
∂x˜ν
= Tµν (x) +O
(
2
)
,
T˜µ (x˜) = Tα (x)
∂xα
∂x˜µ
= Tµ (x) +O
(
2
)
, (4.13)
5 Since they are all gauge-invariant, any function of them is also
gauge-invariant.
that is, to the first-order of , all the quantities of the
matter sector remain the same, and are gauge-invariant.
With the above analysis in mind, to the leading order,
we find that Eqs.(2.7) - (2.9) reduce to,
Gµν − Sµν = 8piGæ (Tµν + tµν) , (4.14)
Æµ = 8piGæ(Tµ + tµ), (4.15)
h00 = 2w
0, (4.16)
where, to simplify the notations and without causing any
confusions, except tµν and tµ, we use the same notations
of Eqs.(2.7) - (2.9) to denote the linearized ones, as they
all vanish for the Minkowski background. The quantities
tµν and tµ represent the nonlinear source terms [73]
6. In
particular, to the linear order, we have
λ = ∂αJ
α
0 − 8piGæT0,
Æµ = ∂αJ
α
µ − (∂αJα0 − 8piGæT0) δ0µ, (4.17)
and
G00 = −1
2
∆2f,
G0i = −1
2
∆(γi − φ˙i)− 1
2
∆f˙,i,
Gij = −1
2
(∆φij − φ¨ij) + (φ¨(i,j) − γ˙(i,j))− 1
2
f¨,ij
+
1
4
Pij [∆f − 4w0 + 4γ˙ − f¨ − 2φ¨],
S00 = c14∆(ν˙ + γ˙ − w0)−Æ0,
S0i = c14(ν¨i + γ¨i)− c−
2
∆(νi + γi)
+c14∂i
(
ν¨ + γ¨ − w˙0)
=
1
2
∆
[
c13(νi + φ˙i) + c123(2ν + φ˙),i + c2f˙,i
]
−Æi,
Sij =
c13
2
φ¨ij + c13
(
ν˙(i,j) + φ¨(i,j)
)
+
1
2
Pij
[
c2(2ν˙ + φ¨+ f¨)
+
c13
2
f¨
]
+
1
2
[
c123(φ¨+ 2ν˙) + c2f¨
]
,ij
. (4.18)
Setting
τµν ≡ Tµν − Tµδ0ν +
(
tµν − tµδ0ν
)
, (4.19)
we find that Eq.(4.14) can be cast in the form,
Gµν − Sµν −Æµδ0ν = 8piGæτµν . (4.20)
It should be noted that τµν defined by Eq.(4.19) in gen-
eral is not symmetric. In particular, we have τ0i 6= τi0.
6 Note that here we use tµ to denote the nonlinear source term of
the aether field, instead of σµ [73], as we shall reserve the latter
for other uses.
9Then, it can be shown that the left-hand side of the above
equation satisfies,
∂ν
(
Gµν − Sµν −Æµδ0ν
)
= 0, (4.21)
which leads to the following conservation laws,
∂ντµν = ∂iτµi − τ˙µ0 = 0. (4.22)
When Tµ = 0, it can be shown that the above equations
reduce to the ones given in [73] 7.
Similar to the linearized terms Tµν and Tµ, we can also
decompose the nonlinear terms tµν and tµ in the forms
of Eqs.(4.5) and (4.6),
t0i = ψ,i + ψi, ti = θ,i + θi,
tij = pi,ij +
1
2
Pij [υ] + 2pi(i,j) + piij , (4.23)
where
∂iψi = ∂
iθi = ∂
ipii = 0,
∂jpiij = 0, pi
i
i = 0. (4.24)
Then, we find that τµν has the following non-vanishing
components,
τ00 = T00 − T0 + (t00 − t0)
τ0i = T0i + t0i
= Ψ,i + Ψi + (ψ,i + ψi)
≡ τ,i + τi,
τi0 = T0i − Ti + (t0i − ti)
= Ψ,i −Θ,i + Ψi −Θi +
[
(ψ − θ),i + (ψi − θi)
]
≡ χ,i + χi,
τij = Tij + tij
= z,ij +
1
2
Pij [%] + 2z(i,j) +zij , (4.25)
where
τ ≡ Ψ + ψ, τi ≡ Ψi + ψi,
χ ≡ τ −Θ− θ, χi ≡ τi −Θi − θi,
z ≡ Π + pi, % ≡ Υ + υ,
zi ≡ Πi + pii, zij ≡ Πij + piij . (4.26)
Clearly, such defined three vectors τi, χi andzi are trans-
verse, and the tensor zij is traceless and transverse, i.e.,
∂iτi = ∂
iχi = ∂
izi = 0,
∂izij = 0, zi i = 0. (4.27)
With the above decompositions, it can be shown that
the field equations can be divided into two groups, one
7 A term ∂νJν0δ0µ in the left-hand side of Eq.(23) in [73] is missing.
represents the propagation equations for the scalar, vec-
tor and tensor modes, and the other represents the type
of Poisson equations. In terms of the gauge-invariant
quantities defined in Eqs.(4.11) and (4.12), the first group
is given by
2SΦ
II = −16piGæc14
2− c14
[
1
2
∆%− 1 + c2
c123
∆z
+
1
c14
(τ0 − Γ0)
]
, (4.28)
2V Ψ
I
i = −
16piGæ
2c1 − c−c13 (c13τi − Γi) , (4.29)
2Tφij = −16piGæzij , (4.30)
where 2I ≡ ∆− c−2I ∂2t , and
τ0 ≡ T00 + t00, Γ0 ≡ T0 + t0,
Γ ≡ Θ + θ, Γi ≡ Θi + θi, (4.31)
with cI ’s being given by Eq.(2.13).
The second group is given by,
∆
[
c13(νi + φ˙i) + γi − φ˙i
]
= −16piGæ (τi − Γi) ,
(4.32)
∆
[
F − 2c14w0 + 2c14(γ˙ + ν˙)
]
= −16piGæ (τ0 − Γ0) ,
(4.33)
∆
[
(1 + c2)f˙ + c123(φ˙+ 2ν)
]
,i
= −16piGæ (τ − Γ),i ,
(4.34)
∆
[
(1 + c2)f¨ + c123(φ¨+ 2ν˙)
]
= −16piGæ∆z,
(4.35)
which all take the form,
∆ψ = −4piτ. (4.36)
When far away from the source, the above Poisson
equations have solutions of the form,
ψ(t, ~x) =
1
R
∫
V ′
d3x′τ(t, x′) +O
(
1
R2
)
, (4.37)
where R ≡ |~x|  d, with d denoting the size of the
source. As argued in [73], the contributions of this part
to the wave forms are negligible, and without loss of the
generality, we can safely set it to zero,
ψ(t, ~x) ' 0, (R d), (4.38)
in the wave zone.
A. Polarizations of Gravitational Waves in
Einstein-aether Theory
To consider the polarizations of gravitational waves
in Einstein-aether theory, let us consider the time-like
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geodesic deviations. In the spacetime described by the
metric, gµν = ηµν + hµν , the spatial part, ζi, takes the
form [70],
ζ¨i = −R0i0jζj ≡ 1
2
P¨ijζj , (4.39)
where ζµ describes the deviation vector between two
nearby trajectories of test particles, and
R0i0j ' 1
2
(h0j,0i + h0i,0j − hij,00 − h00,ij)
=
1
2
[
2γ˙(i,j) + 2γ˙,ij − 2w0,ij − φ¨ij
−2φ¨(i,j) − φ¨,ij − 1
2
δij∆f¨ +
1
2
f¨,ij
]
= −1
2
φ¨ij + Ψ˙
II
(i,j) + Φ
IV
,ij −
1
2
δijΦ¨
II. (4.40)
When deriving the last expression of the above equation,
we had used Eqs.(4.11) and (4.12).
In the wave zone (R d), Eqs.(4.38) and (4.32)-(4.35)
imply that
c13(νi + φ˙i) + γi − φ˙i = 0, (4.41)
F − 2c14w0 + 2c14(γ˙ + ν˙) = 0, (4.42)
(1 + c2)f˙ + c123(φ˙+ 2ν) = 0. (4.43)
From Eq.(4.41), we find that
φ˙i =
γi + c13νi
1− c13 . (4.44)
Inserting it into Eq.(4.12), we obtain
ΨIIi = −
c13
1− c13 Ψ
I
i. (4.45)
On the other hand, the combination of Eqs.(4.11) and
(4.42) yields,
ΦII = −c14
(
ΦIV + Φ˙III
)
, (4.46)
while from Eq.(4.43) we obtain,
2c123Φ
III +
(
1 + c2 +
c123
2
)
f˙ = 0. (4.47)
Then, combining it with Eq.(4.11) we have
2c123∆Φ˙
III = −
(
1 + c2 +
c123
2
)
∆f¨
= −2
(
1 + c2 +
c123
2
)
Φ¨II
= −2
(
1 + c2 +
c123
2
)
c2S∆Φ
II
= −c123 (2− c14)
c14 (1− c13) ∆Φ
II,
that is,
Φ˙III = − 2− c14
2c14 (1− c13)Φ
II. (4.48)
Note that in writing the above expressions, we had used
SΦII = 0 in the wave zone. The combination of
Eqs.(4.46) and (4.48) yields,
ΦIV =
c14 − 2c13
2− c14 Φ˙
III =
c14 − 2c13
2c14(c13 − 1)Φ
II.
(4.49)
In the wave zone, we also have [73],
ΨIi,j = −
1
cV
Ψ˙IiNj ,
ΦII,i = −
1
cS
Φ˙IINi, (4.50)
where Nk denotes the unit vector along the direction be-
tween the source and the observer. Then, inserting the
above expressions into Eq.(4.39) we obtain
Pij = φij − 2c13
(1− c13)cV Ψ
I
(iNj)
− c14 − 2c13
c14(c13 − 1)c2S
ΦIINiNj + δijΦ
II. (4.51)
Assuming that (eX , eY , eZ) are three unity vectors and
form an orthogonal basis with eZ ≡ N, so that (eX , eY )
lay on the plane orthogonal to the propagation direction
N of the gravitational wave, we find that, in the coordi-
nates xµ = (t, xi), these three vectors can be specified by
two angles, ϑ and ϕ, via the relations [76],
eX = (cosϑ cosϕ, cosϑ sinϕ,− sinϑ) ,
eY = (− sinϕ, cosϕ, 0) ,
eZ = (sinϑ cosϕ, sinϑ sinϕ, cosϑ) . (4.52)
Then, we can define the six polarizations hN ’s by
h+ ≡ 1
2
(PXX − PY Y ) , h× ≡ 1
2
(PXY + PY X) ,
hb ≡ 1
2
(PXX + PY Y ) , hL ≡ PZZ ,
hX ≡ 1
2
(PXZ + PZX) , hY ≡ 1
2
(PY Z + PZY ) ,
(4.53)
where PXY ≡ PijeiXejY , and so on. However, in Einstein-
aether theory, only five of them are independent: two
from each of the vector and tensor modes, and one from
the scalar mode.
In order to calculate the wave forms, let us first assume
that the detector is located at x with R ≡ |x|  d, where
d denotes the size of the source. Then, under the gauge,
φi = 0, ν = γ = 0, (4.54)
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we find
φij =
2Gæ
R
(Q¨ij)
TT , (4.55)
νi = − 2Gæ
(2c1 − c13c−)R
(
c13Q¨ijNj
(1− c13)cV − 2Σi
)T
,
γi = −c13νi, (4.56)
F =
Gæ
R
c14
2− c14
(
6(Z − 1)Q¨ijNiNj
− 8
c14cS
ΣiNi + 2ZI¨
)
,
h00 = 2ω
0 =
1
c14
F, φ = −1 + c2
c123
f, (4.57)
ΨIi = (1− c13)νi, ΦII =
1
2
F, (4.58)
where, for any given symmetric tensor Sij , we have
STTij = Λij,klSkl and S
T
i = PijSj , where Λij,kl and
Pij are the projection operators defined, respectively, by
Eqs.(1.35) and (1.39) in [75].
Inserting Eq.(4.51) into Eq.(4.53) and using the above
equations, we find that
h+ =
Gæ
R
Q¨kle
kl
+ , h× =
Gæ
R
Q¨kle
kl
× ,
hb =
c14Gæ
R(2− c14)
[
3(Z − 1)Q¨ijeiZejZ
− 4
c14cS
Σie
i
Z + ZI¨
]
,
hL =
[
1− c14 − 2c13
c14(c13 − 1)c2S
]
hb,
hX =
2c13Gæ
(2c1 − c13c−)cVR
×
[
c13Q¨jke
k
Z
(1− c13)cV − 2Σj
]
ejX ,
hY =
2c13Gæ
(2c1 − c13c−)cVR
×
[
c13Q¨jke
k
Z
(1− c13)cV − 2Σj
]
ejY , (4.59)
where ekl+ ≡ ekXelX−ekY elY and ekl× ≡ ekXelY +ekY elX . From
the above expressions we can see that the scalar longi-
tudinal mode hL is proportional to the scalar breather
mode hb. So, out of these six components, only five of
them are independent.
It is remarkable to note that both of the scalar breather
and the scalar longitudinal modes are suppressed by a
factor c14 . O
(
10−5
)
with respect to the transverse-
traceless modes h+ and h×, while the vectorial modes
hX and hY are suppressed by a factor c13 . O
(
10−15
)
.
B. Response Function
To study the GW forms, an important quantity is the
response function h(t), with respect to a specific detec-
tor, which, for the sake of simplicity, is assumed to have
two orthogonal arms, such as aLIGO, aVIRGO or KA-
GRA. Assume that the two arms of a detector are along,
respectively, e1- and e2-directions. Then, from them we
can construct another unity (space-like) vector e3 that
forms an orthogonal basis together with (e1, e2), that
is, ei · ej = δij . The choice of this frame is independent
of the one (eX , eY , eZ), which we just introduced in the
last subsection. But, we can always rotate properly from
one frame to get the other with three independent angles,
θ, φ and ψ [cf. Fig. 11.5 and Eqs.(11.319a)-(11.319c) of
[76]], given by,
e1 = (cos θ cosφ cosψ − sinφ sinψ) eX
+ (cos θ cosφ sinψ + sinφ cosψ) eY
− sin θ cosφ eZ ,
e2 = (cos θ sinφ cosψ + cosφ sinψ) eX
+ (cos θ sinφ sinψ − cosφ cosψ) eY
− sin θ sinφ eZ ,
e3 = − sin θ cosψ eX − sin θ sinψ eY
− cos θ eZ . (4.60)
Then, the response function h(t) is defined as,
h(t) ≡ 1
2
(
ei1e
j
1 − ei2ej2
)
Pij
= F+h+ + F×h× + Fbhb + FLhL
+FXhX + FY hY , (4.61)
where
F+ ≡ 1
2
(
1 + cos2 θ
)
cos 2φ cos 2ψ − cos θ sin 2φ sin 2ψ,
F× ≡ 1
2
(
1 + cos2 θ
)
cos 2φ sin 2ψ + cos θ sin 2φ cos 2ψ,
Fb ≡ −1
2
sin2 θ cos 2φ,
FL ≡ 1
2
sin2 θ cos 2φ,
FX ≡ − sin θ (cos θ cos 2φ cosψ − sin 2φ sinψ) ,
FY ≡ − sin θ (cos θ cos 2φ sinψ + sin 2φ cosψ) . (4.62)
Hence, its Fourier transformation takes the form,
h˜(f) =
1
2pi
∫
h(t)e−i2piftdt. (4.63)
V. GRAVITATIONAL WAVE FORMS AND
RADIATIONS OF TRIPLE SYSTEMS
Consider a triple system with masses ma and posi-
tions xa(t), where a specifies the three bodies, a = 1, 2, 3.
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Defining r1 ≡ x2 − x3, r2 ≡ x3 − x1, r3 ≡ x1 − x2, and
ra ≡ |ra|, we find that
...
Qij =
2
3
GN
∑
a
P aij ,
...
I = −2GN
(
m2m3
r˙1
(r1)2
+m1m3
r˙2
(r2)2
+m1m2
r˙3
(r3)2
)
,
Σi =
(
α1 − 2
3
α2
)∑
a
(
viaΩa
)
,
Σ˙i = −
(
α1 − 2
3
α2
)
GN
∑
a
(
Da r
i
a
(ra)3
)
, (5.1)
where Ωa is the binding energy of the a-th body, as men-
tioned previously, and
Dc ≡
∑
a,b
abcΩamb,
P cij ≡
∑
a,b
∣∣abc∣∣mamb
2(rc)4
[
(rc)
2r˙cδij − 6rc
d
(
ricr
j
c
)
dt
+ 9r˙cr
i
cr
j
c
]
. (5.2)
Here abc is the Levi-Civita symbol. Setting riar
i
a ≡ (ra)2,
riar˙
i
a ≡ rar˙a, and r˙iar˙ia ≡ (va)2, we obtain
(...
Qij
)2
=
8
3
G2N
{[
m22m
2
3
(r1)4
(
12v21 − 11(r˙1)2
)
+
1
3
P 2ijP
3
ij
]
+
[
m21m
2
2
(r3)4
(
12v23 − 11(r˙3)2
)
+
1
3
P 1ijP
2
ij
]
+
[
m21m
2
3
(r2)4
(
12v22 − 11(r˙2)2
)
+
1
3
P 1ijP
3
ij
]}
,
(5.3)
(
...
I )
2
= 4G2N
{[
m22m
2
3
(r˙1)
2
(r1)4
+ 2m2m3m
2
1
r˙2r˙3
(r2)2(r3)2
]
+
[
m21m
2
3
(r˙2)
2
(r2)4
+ 2m1m3m
2
2
r˙1r˙3
(r1)2(r3)2
]
+
[
m21m
2
2
(r˙3)
2
(r3)4
+ 2m1m2m
2
3
r˙1r˙2
(r1)2(r2)2
]}
,
(5.4)
(
Σ˙i
)2
=
(
α1 − 2
3
α2
)2
G2N
{[ D21
(r1)4
+
2D2D3
(r2)3(r3)3
ri2r
i
3
]
+
[ D22
(r2)4
+
2D1D3
(r1)3(r3)3
ri1r
i
3
]
+
[ D23
(r3)4
+
2D1D2
(r1)3(r2)3
ri1r
i
2
]}
,
(5.5)
where
P 1ijP
2
ij = m1m2m
2
3
 36
(r1)3(r2)3
d
(
ri1r
j
1
)
dt
d
(
ri2r
j
2
)
dt
− 54r
i
1r
j
1r˙1
(r1)4(r2)3
d
(
ri2r
j
2
)
dt
− 54r
i
2r
j
2r˙2
(r1)3(r2)4
d
(
ri1r
j
1
)
dt
+
81ri1r
j
1r
i
2r
j
2r˙1r˙2
(r1)4(r2)4
− 3r˙1r˙2
(r1)2(r2)2
]
, (5.6)
and so on.
Then, from Eqs.(4.59) we can see that hN (x;xa(t)),
where xa(t)’s are the trajectories of the three bodies. So,
once xa(t)’s are known, from Eqs.(4.59) and (5.1) we can
study the polarizations of GWs emitted by this triple
system. On the other hand, inserting Eqs.(5.3) - (5.6)
into Eq.(3.1) we obtain the energy loss rate E˙(t).
However, in the framework of Einstein-aether theory
the trajectories of a triple system have not been studied,
yet. So, in this paper we shall use the Newtonian trajec-
tories of the triple systems 8, which have been intensively
studied in the past three hundred years, and various peri-
odic solutions have been found, see for example, [46] and
references therein. Some of them have been also used to
study the GW forms in the framework of GR. In partic-
ular, in [50] it was shown that the quadrupole GW form
of a figure eight trajectory discovered by Moore in 1993
[90] is indistinguishable from that of a binary system.
In addition, Dmitrasinovic, Suvakov and Hodomal calcu-
lated the quadrupole wave forms and the corresponding
luminosities for the 13 + 11 periodic orbits of three-body
problems in Newtonian gravity [49], discovered, respec-
tively, in [45] and [91]. Among other things, they found
that all these 13 + 11 orbits produce different waveforms
and their luminosities vary by up to 13 order of magni-
tude in the mean, and up to 20 order for the peak values.
In this paper, we shall consider some of the trajectories
provided in [92] 9.
8 Corrections due to the aether effects are expected to be small,
and should be consistent with the lowest PN order approxima-
tions adopted in this paper.
9 In the configurations provided in this site, the three bodies are
assumed all to have equal masses, m1 = m2 = m3 = m, and also
the unites were chosen so that GN = 1, m = 1. Therefore, in
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FIG. 1: Trajectory of the Simo’s figure-eight 3-body system
[93]. In this plot, we set m = 1.
FIG. 2: The polarization modes h+ and h× defined in
Eq.(4.53) for the Simo’s figure-eight 3-body system in both
GR and æ-theory, where the modes are propagating along
the positive z-direction, and (Ω1, Ω2, Ω3) = (−0.1, −2.76×
10−6, −2.9× 10−5).
Before doing so, let us first consider the GW form of
the Simo’s figure-eight trajectory [93], studied in [49]. In
our numerical simulations presented in this paper, we adopt the
same units so that m = 1 = GN . However, restoring the physical
units, this is equivalent to set mi = 1/GN ' 1.5 × 1010 kg 
M⊙.
FIG. 3: The polarization modes hb and hL defined in
Eq.(4.53) for the Simo’s figure-eight 3-body system in æ-
theory, where the modes are propagating along the positive
z-direction., and (Ω1, Ω2, Ω3) = (−0.1, −2.76×10−6, −2.9×
10−5).
Fg. 1, the trajectory of the 3-body problem is plotted out
in the (x, y)-plane for many periods, in order to make sure
that our numerical codes converge well after a sufficiently
long run. Assuming that the detector is along the z-axis,
we plot out the polarization modes h+ and h× in Fig. 2.
In this figure, we plot these modes given in GR as well
as in Einstein-aether theory. As we noted previously,
the contributions from the aether field is of the order of
O (10−5) lower than that of GR. This can be seen clearly
from this figure, in which the lines are almost identical in
both of theories. Note that when plotting these figures,
we assumed that the binding energies of the three bodies
are, respectively, Ω1 = −0.1, Ω2 = −2.76 × 10−6 and
Ω1 = −2.9 × 10−5, which are the same as these given
for the PRS J0337+ 1715 [28], although here the three
masses are assumed to be equal.
In Fig. 3 we plot out the polarization modes hb and
hL in æ-theory, which all vanish in GR. Comparing it
with Fig. 2 it can be seen that the amplitudes of these
modes are about five orders lower than h+ and h×, which
is again consistent with our analysis given in Sec. III.
In Figs. 4, 5 and 6, we plot out the corresponding
response function h(t), its Fourier transform h˜(f) and
the radiation power P (≡ −E˙) for the Simo’s figure-eight
3-body system. From Fig. 6 we can see that both of the
dipole and monopole contributions are suppressed with
the orders given in Section III.
Note that in drawing the above figures, we had set c1 =
4× 10−5, c2 = 9× 10−5, c3 = −c1, and c4 = −2× 10−5, a
condition that will be adopted for the rest of this paper.
For such choices, the coupling constants ci’s clearly sat-
isfy the theoretical and observational constraints of the
æ-theory [69], given by Eq.(2.18).
In addition, with these choices, we have c13 = 0, and
then from Eq.(4.59) we find that the vectorial modes hX
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FIG. 4: The response function h(t) for the Simo’s
figure-eight 3-body system in GR and æ-theory, where the
modes are propagating along the positive z-direction, and
(Ω1, Ω2, Ω3) = (−0.1, −2.76× 10−6, −2.9× 10−5).
FIG. 5: The Fourier transform h˜(f) of the response function
h(t) for the Simo’s figure-eight 3-body system in GR and æ-
theory, where the modes are propagating along the positive
z-direction, and (Ω1, Ω2, Ω3) = (−0.1, −2.76×10−6, −2.9×
10−5).
and hY are identically zero,
hX = hY , (c13 = 0). (5.7)
FIG. 6: The radiation power P (≡ −E˙) of the Simo’s
figure-eight 3-body system in æ-theory, where the modes
are all propagating along the positive z-direction, and
(Ω1, Ω2, Ω3) = (−0.1, −2.76×10−6, −2.9×10−5). The dot-
ted (blue), dash-dotted (red) and solid (green) lines denote,
respectively, the parts of quadrupole, monopole and dipole
radiations given in Eq.(3.1).
So, in the rest of this paper we only need to consider the
h+, h×, hb and hL modes.
Yet, we also plot the above figures by assuming that
the orbit is in the (x, y)-plane, while the detector is along
the z-axis. The same conditions were also assumed in
[49]. However, as we mentioned in the last section, the
locations and orientations of the sources as well as the
detectors are all independent, which are specified by the
five angles (ϑ, ϕ; θ, φ, ψ), defined in Eqs.(4.52) and (4.60).
For different choices of these parameters, the wave forms
and response function will be also different. In Figs.
7-11 we plot the mode functions hN , response function
h(t), its Fourier transform h˜(f) and the radiation pow-
ers PA, PB and PC , respectively, for (ϑ, ϕ; θ, φ, ψ) =
(0.6, 5.2; 1.3, 1.2, 1.8), while still chose (Ω1, Ω2, Ω3) =
(−0.1, −2.76 × 10−6, −2.9 × 10−5). Clearly, the cor-
responding mode functions, response function and its
Fourier transform are all different from the case in which
the 3-bodies are in the (x, y)-plane, while the detector is
localized along the z-axis. However, the radiation powers
are the same and are independent of the choice of these
five angular parameters, as can be seen from Figs. 6 and
11.
To study the effects of the binding energies of the
three bodies on the wave forms and energy losses, let
us consider the same case as shown by Figs. 7 - 11
but now with the same binding energy, Ωa = −10−2.
With this choice, the dipole contributions are identi-
cally zero, as one can see from Eqs.(5.2) and (5.5), since
now we have Dc = 0, (c = 1, 2, 3) and Σ˙2i = 0. This
does not contradict with the results given by Eq.(3.13),
as there we assumed that Ω1/m1 − Ω2/m2 ' O (Ω/m)
[cf. Eqs.(3.6) and (3.10)]. But, here due to our choice
of Ωa and ma, we have Ω1/m1 − Ω2/m2 = 0 and
so on. In Figs. 12 - 16 we plot the mode func-
tions hN , response function h(t), its Fourier transform
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FIG. 7: The polarization modes h+ and h× defined in
Eq.(4.53) for the Simo’s figure-eight 3-body system in both
GR and æ-theory, where the modes are propagating along the
direction specified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8)
with
(
Ω1, Ω2, Ω3) = (−0.1, −2.76× 10−6, −2.9× 10−5
)
.
FIG. 8: The polarization modes hb and hL defined in
Eq.(4.53) for the Simo’s figure-eight 3-body system in æ-
theory, where the modes are propagating along the direc-
tion specified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) with(
Ω1, Ω2, Ω3) = (−0.1, −2.76× 10−6, −2.9× 10−5
)
.
h˜(f) and the radiation powers PA and PB, respectively,
FIG. 9: The response function h(t) for the Simo’s
figure-eight 3-body system in GR and æ-theory, where
the modes are propagating along the direction spec-
ified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) with(
Ω1, Ω2, Ω3) = (−0.1, −2.76× 10−6, −2.9× 10−5
)
.
FIG. 10: The Fourier transform h˜(f) of the response func-
tion h(t) for the Simo’s figure-eight 3-body system in GR and
æ-theory, where the modes are propagating along the direc-
tion specified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) with(
Ω1, Ω2, Ω3) = (−0.1, −2.76× 10−6, −2.9× 10−5
)
.
for (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8), while setting
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FIG. 11: The radiation power P (≡ −E˙) of the
Simo’s figure-eight 3-body system in æ-theory, where
the modes are propagating along the direction spec-
ified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) with(
Ω1, Ω2, Ω3) = (−0.1, −2.76× 10−6, −2.9× 10−5
)
. The
dotted (blue), dash-dotted (red) and solid (green) lines
denote, respectively, the parts of quadrupole, monopole and
dipole radiations given in Eq.(3.1).
(Ω1, Ω2, Ω3) = (−10−2,−10−2,−10−2). Clearly, the
corresponding mode functions, response function, its
Fourier transform and radiation powers are all different
from the case in which the 3-bodies are in the (x, y)-
plane, while the detector is localized along the z-axis. In
particular, the dipole contributions vanish now, as ex-
plained above.
In Figs. 17-21, we plot out, respectively, the trajectory
of the Broucke R7 3-body system provided in [92], the
polarization modes hN , the response function h(t), its
Fourier transform h˜(f) and the radiation powers PA, PB
and PC , for (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8), and
(Ω1, Ω2, Ω3) = (−0.1, −2.76× 10−6, −2.9× 10−5).
In Fig. 22 we plot out the trajectory of the Broucke
A16 3-body system provided in [92], while in Fig. 23-26
we plot out the corresponding physical quantities for the
same choice of the five angular parameters as selected
in the case for the Broucke R7 3-body system in both
GR and æ-theory with (Ω1, Ω2, Ω3) = (−0.1, −2.76 ×
10−6, −2.9× 10−5).
From these figures we can see clearly that the GW
forms and radiation powers not only depend on the rela-
tive positions, orientations between the source and detec-
tor, but also depend on the configurations of the orbits
of the 3-body system. In addition, they also depend on
their binding energies of the three compact bodies.
VI. CONCLUSIONS
Three-body systems have been attracting more and
more attention recently [25], specially after the detections
of GWs from binary systems [1–6], as they are common
in our Universe [26], and can be ideal sources for periodic
GWs. In particular, we are very much interested in the
FIG. 12: The polarization modes h+ and h× defined in
Eq.(4.53) for the Simo’s figure-eight 3-body system in both
GR and æ-theory, where the modes are propagating along the
direction specified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8),
with Ω1 = Ω2 = Ω3 = −10−2.
FIG. 13: The polarization modes hb and hL defined in
Eq.(4.53) for the Simo’s figure-eight 3-body system in æ-
theory, where the modes are propagating along the direc-
tion specified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8), with
Ω1 = Ω2 = Ω3 = −10−2.
cases in which the orbits of two bodies pass each other
very closely and yet avoid collisions, so they can produce
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FIG. 14: The response function h(t) for the Simo’s figure-
eight 3-body system in GR and æ-theory, where the modes are
propagating along the direction specified by (ϑ, ϕ; θ, φ, ψ) =
(0.6, 5.2; 1.3, 1.2, 1.8), with Ω1 = Ω2 = Ω3 = −10−2.
FIG. 15: The Fourier transform h˜(f) of the response function
h(t) for the Simo’s figure-eight 3-body system in GR and æ-
theory, where the modes are propagating along the direction
specified by (ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8), with Ω1 =
Ω2 = Ω3 = −10−2.
intense periodic gravitational waves and provide natural
sources for the future detections of GWs.
In this paper, we have studied the lowest PN order of
FIG. 16: The radiation power P (≡ −E˙) of the Simo’s figure-
eight trajectory of 3-body system in GR and æ-theory, where
the modes are propagating along the direction specified by
(ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8), with Ω1 = Ω2 = Ω3 =
−10−2. The dotted (blue) and solid (red) lines denote, re-
spectively, the parts of quadrupole and monopole radiations
given in Eq.(3.1). Because of the choice of the binding ener-
gies Ωa and masses ma are all the same for the three compact
objects, the dipole contributions, denoted by the C part in
Eq.(3.1), are identically zero.
FIG. 17: Trajectory of the 3-body system for the Broucke R7
figure provided in [92].
three-body problems in the framework of Einstein-aether
theory [68], a theory that violates locally the Lorentz
symmetry and yet passes all the theoretical and observa-
tional tests carried out so far [69]. Although these tests
were mainly in the weak field limits, strong-field effects
of binary neutron stars systems have been also investi-
gated [64, 65, 71, 72]. In particular, the accelerations
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FIG. 18: The polarization modes hN defined in Eq.(4.53)
for the Broucke R7 3-body system with the choice,
(ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) =
(−0.1, −2.76× 10−6, −2.9× 10−5).
and “strong-field” Nordtvedt parameter were calculated
recently for a triple system to the quasi-Newtonian order
[66].
In this paper, we have first shown that the contribu-
tions of the presence of the aether field to the quadruple
part of the energy loss rate of a binary system is the order
of O (c14) . O
(
10−5
)
lower than that of GR when only
the lowest PN order is taken into account [cf. Eq.(3.12)].
Due to the presence of two additional modes, the scalar
and vector, in Einstein-aether theory, two additional
parts also appear in the energy loss rate of a binary sys-
FIG. 19: The response function h(t) for the Broucke
R7 3-body system with the choice, (ϑ, ϕ; θ, φ, ψ) =
(0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) = (−0.1, −2.76 ×
10−6, −2.9× 10−5).
FIG. 20: The Fourier transform h˜(f) of the response func-
tion h(t) for the Broucke R7 3-body system with the choice,
(ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) =
(−0.1, −2.76× 10−6, −2.9× 10−5).
tem [73], given respectively by the second and third terms
in Eq.(3.1), representing the monopole and dipole contri-
butions. In comparison with the quadruple contributions
of GR, which is the order of O (v2), the monopole contri-
butions is only of the order of O (c14)O
(
v2
)
, that is, it is
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FIG. 21: The radiation power P (≡ −E˙) of the 3-body sys-
tem of the Broucke R7 figure with the choice, (ϑ, ϕ; θ, φ, ψ) =
(0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) = (−0.1, −2.76 ×
10−6, −2.9 × 10−5). The dotted (blue), dash-dotted (red)
and solid (green) lines denote, respectively, the parts of
quadrupole, monopole and dipole radiations given in Eq.(3.1).
FIG. 22: Trajectory of the 3-body system for the Broucke
A16 figure provided in [92].
about O (c14) . O
(
10−5
)
order lower than that of GR.
Here v is the relative velocity of the two compact objects.
However, the dipole contributions can be much larger
than those of monopole. In particular, for a binary sys-
tem with large differences between their binding energies,
the dipole part can be as large as O (c14)O (GNm/d),
where m denotes the mass of a binary system and d
the distance between the two stars. For a realistic neu-
tron star, we have O (GNm/d) ' 0.1 ∼ 0.3, so that
O (c14)O (GNm/d) ' 10−2O
(
v2
)
. It should be noted
that the scalar mode has contributions to all the three
FIG. 23: The polarization modes hN defined in Eq.(4.53)
for the Broucke A16 3-body system with the choice,
(ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) =
(−0.1, −2.76× 10−6, −2.9× 10−5).
parts, quadrupole, dipole and monopole, while the vec-
tor mode has contributions only to the quadrupole and
dipole parts, as can be seen clearly from Eqs.(102)-(104)
of Ref. [73]. On the other hand, the strong-field contri-
butions are only of the orders of
δWNSA . O
(
10−11
)
, δWNSB . O
(
10−11
)
,
δWNSC . O
(
10−12
)
, δWNSD . O
(
10−11
)
, (6.1)
for a binary neutron star system, where δWNSA , δWNSB
and δWNSC represent the contributions of the strong-field
20
FIG. 24: The response function h(t) for the Broucke
A16 3-body system with the choice, (ϑ, ϕ; θ, φ, ψ) =
(0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) = (−0.1, −2.76 ×
10−6, −2.9× 10−5).
FIG. 25: The Fourier transform h˜(f) of the response func-
tion h(t) for the Broucke A16 3-body system with the choice,
(ϑ, ϕ; θ, φ, ψ) = (0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) =
(−0.1, −2.76× 10−6, −2.9× 10−5).
effects to the quadrupole, monopole and dipole parts of
Eq.(3.1), while δWNSD denotes a cross term due to the
motion of the center-of-mass of the system [65]. Clearly,
these effects are much smaller than the ones mentioned
above, and are out of the detectability of the current
FIG. 26: The radiation power P (≡ −E˙) of the 3-body system
of the Broucke A16 figure with the choice, (ϑ, ϕ; θ, φ, ψ) =
(0.6, 5.2; 1.3, 1.2, 1.8) and (Ω1, Ω2, Ω3) = (−0.1, −2.76 ×
10−6, −2.9 × 10−5). The dotted (blue), dash-dotted (red)
and solid (green) lines denote, respectively, the parts of
quadrupole, monopole and dipole radiations given in Eq.(3.1).
generation of detectors.
So, in this paper we have ignored these effects, and sim-
ply set the sensitivities sA of the compact bodies to zero.
However, in the development of the general formulas, we
have kept Tµ not zero to its first-order of perturbations in
Sec. IV, for our later applications of the formulas. Here
Tµ represents the coupling between aether and matter
fields [cf. Eq.(2.10)]. Setting Tµ = 0, our results pre-
sented in Sec. IV reduce to the ones of Ref. [73], sub-
jected to some corrections of typos. From the expressions
of the six polarization modes of Eq.(4.59) we can see that
the scalar longitudinal mode hL is proportional to the
scalar breather mode hb. Therefore, out of these six com-
ponents, only five of them are independent. In addition,
the scalar breather and the scalar longitudinal modes are
all suppressed by a factor O (c14) . O
(
10−5
)
with re-
spect to the transverse-traceless modes h+ and h×, while
the vectorial modes hX and hY are suppressed by a factor
O (c13) . O
(
10−15
)
. These conclusions should be also
valid for general cases, and consistent with the analysis
of triple systems presented in Section V.
Applying the general formulas developed in Sec. IV
to a triple system, in Sec. V we have studied the GW
forms, response function, its Fourier transform, and the
energy loss rates due to each part of the GW radiations
given in Eq.(3.1) for three different kinds of periodic or-
bits of three-body problems: one is the Simo’s figure-
eight configuration [93], given by Fig. 1, and the other
two are, respectively, the Broucke R7 and A16 configura-
tions provided in [92] and illustrated by Figs. 17 and 22
in the current paper. In the case of the Simo’s figure-eight
configuration, we have studied the effects of the relative
orientations between the source and detector, as well as
the effects of binding energies of the three compact bod-
ies. Through this case, we have shown explicitly that the
GW form, response function and its Fourier transform
21
all depend on the relative orientations and binding en-
ergies, as they are expected from Eq.(3.1) [cf. Figs. 7
and 26]. In the cases of the Broucke R7 and A16 con-
figurations, the five angles are chosen as the same as in
the second case of the Simo’s figure-eight configuration,
and the corresponding GW form, response function, its
Fourier transform and powers of radiation are given, re-
spectively, by Figs. 18 - 21 and Figs. 23 - 26. From these
figures we find that all these physical quantities are dif-
ferent. Therefore, the GW form, response function, its
Fourier transform of a triple system depend not only on
their configuration of orbits, but also on their orienta-
tion with respect to the detector and binding energies of
the three compact bodies.
Acknowledgments
We would like to thank V. Dmitrasinovic, A. Hudomal,
M. Suvakov, and L. Shao for providing us their numeri-
cal codes and valuable discussions and comments. This
work is supported in part by the National Natural Sci-
ence Foundation of China (NNSFC) with the grant num-
bers: Nos. 11603020, 11633001, 11173021, 11322324,
11653002, 11421303, 11375153, 11675145, 11675143,
11105120, 11805166, 11835009, 11773028, 11690022,
11375247, 11435006, 11575109, and 11647601.
[1] B.P. Abbott, et al., [LIGO Scientific and Virgo Collabo-
rations] Phys. Rev. Lett. 116, 061102 (2016).
[2] B.P. Abbott, et al., [LIGO Scientific and Virgo Collabo-
rations] Phys. Rev. Lett. 116, 241103 (2016).
[3] B.P. Abbott, et al., [LIGO Scientific and Virgo Collabo-
rations] Phys. Rev. Lett. 118, 221101 (2017).
[4] B.P. Abbott, et al., [LIGO Scientific and Virgo Collabo-
rations] Astrophys. J. 851, L35 (2017).
[5] B.P. Abbott, et al., [LIGO Scientific and Virgo Collabo-
rations] Phys. Rev. Lett. 119, 141101 (2017).
[6] B.P. Abbott, et al., [LIGO Scientific and Virgo Collabo-
rations] Phys. Rev. Lett. 119, 161101 (2017).
[7] B.P. Abbott, et al., [LIGO Scientific and Virgo Collabo-
rations] Phys. Rev. X6, 041015 (2016).
[8] F. Acernese et al., Class. Quantum Grav. 32 (2015)
024001.
[9] B. P. Abbott et. al., Virgo, Fermi-GBM, INTEGRAL,
LIGO Scientific Collaboration, Gravitational Waves and
Gamma-rays from a Binary Neutron Star Merger:
GW170817 and GRB 170817A, Astrophys. J. 848 (2017)
L13 [arXiv:1710.05834].
[10] K. Danzmann et al., Laser Interferometer Space An-
tenna, arXiv:1702.00786.
[11] N. Cornish and T. Robson, J. Phys. Conf. Ser. 840,
012024 (2017).
[12] A. Sesana, Phys. Rev. Lett. 116, 231102 (2016).
[13] T.-Z. Wang, et al., Astrophys. J. 863, 17 (2018).
[14] C.L. Fryer, K. Belczynski, G. Wiktorowicz, et al., Astro-
phys. J. 749, 91 (2012).
[15] F. O¨zel, D. Psaltis, R. Narayan, J.E. McClintock, Astro-
phys. J. 725, 1918 (2010).
[16] W.M. Farr, N. Sravan, A. Cantrell, A., et al., Astrophys.
J. 741, 103 (2011).
[17] S. Sigurdsson and L. Hernquist, Nature (London) 364,
423 (1993).
[18] S. Banerjee, Mon. Not. R. Astron. Soc. 467, 524 (2017);
and references therein.
[19] J.M. Antognini, et al., Mon. Not. Roy. Soc. Astron. 439,
1079 (2014).
[20] B. Liu, D. Lai, and Y.-F. Yuan, Phys. Rev. D92, 124048
(2015).
[21] M. Fishnach, D.E. Holz, and. B. Farr, Astrophys. J. 840,
L24 (2017).
[22] D. Gerosa and E. Berti, Phys. Rev. D95, 124046 (2017).
[23] C.L. Rodriguez, et al., Phys. Rev. Lett. 120, 151101
(2018).
[24] S.E. Woosley, Astrophys. J. 836, 244 (2016).
[25] S. Naoz, Annu. Rev. Astron. Astrophys. 54 (2016) 441
[26] K. Fuhrmann, et al, Astrophys. J. 836 (2017) 139.
[27] A. Tokovinin, et al, A & A 450 (2006) 681.
[28] S. Ransom, et al, Nature 505 (2014) 520.
[29] L. Shao, Phys. Rev. D93, 084023 (2016).
[30] A. Archibald, et al, Nature 559 (2018) 73.
[31] M.L. Lidov, Planet. Space Science 9, 719 (1962).
[32] Y. Kozai, Secular perturbations of asteroids with high
inclination and eccentricity, Astron. J. 67, 591 (1962).
[33] K. Silsbee and S. Tremaine, Astrophys. J. 836 (2017) 39.
[34] B.-M. Hoang, S. Naoz, B. Kocsis, F.A. Rasio, and F.
Dosopoulou, Astrophys. J. 856, 140 (2018); and refer-
ences thein.
[35] L. Wen, Astrophys. J. 598, 419 (2003).
[36] Y. Meiron, B. Kocsis and A. Loeb, Astrophys. J. 834,
200 (2017).
[37] J. Samsing, et al., arXiv:1802.08654; and references
therein.
[38] T. Akutsu, et al., [KAGRA Collaboration], The status of
KAGRA underground cryogenic gravitational wave tele-
scope, arXiv:1710.04823.
[39] P. Amaro-Seoane, et al., Class. Quantum Grav. 29 (2012)
124016.
[40] B. Kocsis, et al., Astrophys. J. 752 (2012) 67.
[41] T. Robson, N.J. Cornish, N. Tamanini and S. Toonen,
Phys. Rev. D98, 064012 (2018).
[42] T. Jacobson, D. Mattingly, Phys. Rev. D64, 024028
(2001).
[43] Z.E. Musielak and B. Quarles, Rep. Prog. Phys. 77,
065901 (2014).
[44] S. Toonen, A. Hamers and S.P. Zwart, Comput. Astro-
phys. Cosmol. 3, 6 (2016).
[45] M. Suvakov and V. Dmitrasinovic, Phys. Rev. Lett. 110,
114301 (2013).
[46] X.-M. Li and S.-J. Liao, Science China, 60 (2017) 129511.
[47] L. Euler, Novo Comm. Acad. Sci. Imp. Petrop. 11, 144
(1767).
[48] L. Lagrange, Oeuvres, 6, 229 (1772).
[49] V. Dmitrasinovic, M. Suvakov, and A. Hudomal, Phys.
Rev. Lett. 113, 101102 (2014).
[50] Y. Torigoe, K. Hattori, and H. Asada, Phys. Rev. Lett.
22
102, 251101 (2009).
[51] T. Imai, T. Chiba, and H. Asada, Phys. Rev. Lett. 98,
201102 (2007).
[52] C. O. Lousto and H. Nakano, Class. Quantum Grav. 25,
195019 (2008).
[53] V.A. Brumberg, Celest. Mech. Dyn. Astron. 85, 269
(2003).
[54] E. Battista, G. Esposito and S. Dell’Agnello, Inter. J.
Mod. Phys. A32, 1750156 (2017).
[55] L. Randall and Z.-Z. Xianyu, Astrophys. J. 864, 134
(2018).
[56] K. Yamada and H. Asada, Phys. Rev. D82, 104019
(2010).
[57] K. Yamada and H. Asada, Phys. Rev. D83, 024040
(2011).
[58] T. Ichita, K. Yamada and H. Asada, Phys. Rev. D83,
084026 (2011).
[59] K. Yamada and H. Asada, Phys. Rev. D86, 124029
(2012).
[60] K. Yamada, T. Tsuchiya and H. Asada, Phys. Rev. D91,
124016 (2015).
[61] K. Yamada, T. Tsuchiya Celest. Mech. Dyn. Astr. 129,
487 (2017).
[62] T.-Y. Zhou, W.-G. Cao, and Y. Xie, Phys. Rev. D93,
064065 (2016).
[63] W.-G. Cao, T.-Y. Zhou, and Y. Xie, Phys. Commun.
Theor. Phys. 68, 455 (2017).
[64] B. Z. Foster, Phys. Rev. D76, 084033 (2007).
[65] K. Yagi, D. Blas, E. Barausse, and N. Yunes, Phys. Rev.
D89, 084067 (2014).
[66] C. Will, Class. Quantum Grav. 35, 085001 (2018).
[67] T. Jacobson, D. Mattingly, Phys. Rev. D70, 024003
(2004).
[68] T. Jacobson, Einstein-æther gravity: a status report,
arXiv:0801.1547.
[69] J. Oost, S. Mukohyama and A. Wang, Con-
straints on Einstein-aether theory after GW170817,
arXiv:1802.04303.
[70] Y.-G. Gong, S.-Q. Hou, D.-C. Liang, E. Papantonopou-
los, Phys. Rev. D97, 084040 (2018).
[71] D. Hansen, N. Yunes, and K. Yagi, Phys. Rev. D91,
082003 (2015).
[72] A. Saffer and N. Yunes, arXiv:1807.08049.
[73] B. Z. Foster, Radiation Damping in Einstein-Aether The-
ory, arXiv:gr-qc/0602004v5.
[74] B.F. Schutz, Gravitational-wave astronomy: delivering
on the promises, Phil. Trans. R. Soc. A376, 20170279
(2018).
[75] M. Maggiore, Gravitational Waves Volume 1: The-
ory and Experiments (Oxford University Press,New
York,2016).
[76] E. Poisson and C. Will, Gravity, Newtonian, Post-
Newtonian, Relativistic (Cambridge University Press,
Cambridge, 2014).
[77] D. Garfinkle, C. Eling and T. Jacobson, Phys. Rev. D76,
024003 (2007).
[78] D. Eardley, Astrophys. J. 196, L59 (1975).
[79] S. M. Carroll and E. A. Lim, Phys. Rev. D70, 123525
(2004).
[80] C. M. Will, Living Reviews in Relativity 9, 3 (2006).
[81] B. Z. Foster and T. Jacobson, Phys. Rev. D73, 064015
(2006).
[82] J. W. Elliott, G. D. Moore and H. Stoica, JHEP 0508,
066 (2005) [arXiv:hep-ph/0505211].
[83] L. Shao and N. Wex, Classical Quantum Gravity 29,
215018 (2012); L. Shao, R. N. Caballero, M. Kramer, N.
Wex, D. J. Champion, and A. Jessner, ibid., 30, 165019
(2013).
[84] R. E. Rutledge, D.W. Fox, S. R. Kulkarni, B. A. Jacoby,
I. Cognard, D. C. Backer, and S. S. Murray, Astrophys.
J. 613, 522 (2004).
[85] M. Bailes, S. Johnston, J. F. Bell, D. R. Lorimer, B.W.
Stappers, R. N. Manchester, A. G. Lyne, L. Nicastro,
N. DAmico, and B. M. Gaensler, Astrophys. J. 481, 386
(1997).
[86] T. Damour and G. Esposito-Farese, Phys. Rev. D46,
4128 (1992).
[87] I.H. Stairs, Living Rev. Relativity, 6 (2003) 5.
[88] M. Kramer, et al., Science 314 (2006) 97.
[89] B. Z. Foster, Radiation Damping in Einstein-Aether The-
ory, Phys. Rev. D73, 104012 (2006).
[90] C. Moore, Phys. Rev. Lett. 70, 3675 (1993).
[91] M. Suvakov, Celest. Mech. Dyn. Astron. 119, 369 (2014).
[92] http://three-body.ipb.ac.rs.
[93] C. Simo`, in Celestial Mechanics, edited by A. Chenciner,
R. Cushman, C. Robinson, and Z. J. Xia (Am. Math.
Soc., Providence, RI, 2002).
